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Combined Finite Element Analysis and Statistical Energy
Analysis in Mechanical Intensity Calculations

Anders M. Wilson* and Lennart B. Josefson®
Chalmers University of Technology, SE-412 96 Gothenburg, Sweden

Local and global energy flow in structures built up by domains with different rigidities is studied. A combined
finite element analysis/statistical energy analysis (FEA/SEA) approach is advanced where stiffer domains (with low
modal density) are analyzed using FEA and weaker domains (with high modal density) are analyzed using SEA.
The approach proposed employs an energy-based iterative optimization procedure where the difference between
externally supplied active power and the total power dissipated in the structure is minimized. Sectional forces in
points connecting the stiff and weak domains are used as design variables. Dynamic substructuring is introduced
to reduce the number of degrees of freedom in the finite element domain during the optimization procedure.
The potential to cover a large frequency interval is demonstrated in a numerical example in which the harmonic

response of a truck is studied.

Nomenclature

= source subsystem area

= damping matrix

= group wave speed

= mechanical intensity in direction i
= dynamic stiffness matrix

= Young’s modulus

or{E} =subsystemmodal energy vector

i = average total subsystem i energy
= force vector

= unity matrix

= stiffness matrix

= length

= mass matrix

= number of resonant modes in A ®
= modal density in subsystem i

= complex stiffness matrix

T = transformation matrix

t = plate thickness

= finite element method domain

= statistical energy analysis domain
= velocity tensor

= nodal displacement vector

= nodal velocity vector

= impedance matrix

= angular frequency band

= iteration break constant

= coupling loss factor matrix

= material damping loss factor (DLF)
n; = DLF for subsystem i
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i = coupling loss factor for energy transfer from
subsystemi to j

0 = angle of incidence

v = Poisson’s ratio

ITor {Il} = supplied power vector

I1; = power supplied to subsystem i

P = density

c = stress tensor
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7(0) = transmission coefficient at an angle of incidence 6

0] = fixed interface modal matrix

Q = fixed interface natural frequencies matrix

Q; = fixed interface natural frequency

10} = angular frequency

- = complex entity

o = average over all angles of incidence 0

Subscripts

m =reduced matrix/vector representing master degree
of freedom (DOF)

mB = master boundary DOF

ml = master interface DOF

s = reduced matrix/vector representing slave DOF

Superscripts

H = Hermitian transpose (i.e., transpose and complex
conjugate)

T = matrix/vector transpose

" = starting vector

- = approximate vector/matrix

* = complex conjugate

Introduction

INITE element analysis'? (FEA) is frequently and mostly suc-

cessfully used to model stress and low-frequency vibration be-
havior in built-up structures. The method is deterministic. Based on
an assumeddisplacementfield of each vibrationmode thatexists at a
certain frequency,each structure can be modeled including coupling
between different wave types. Within the level of discretization, the
method can provide the vibration amplitude at any point in space
and time for any given dynamic input.

By calculating the time average of the complex-valued mechan-
ical intensity in a postprocessing operation also the mechanical
energy flow can be visualized] and primary transmission paths
for the energy can be identified. For harmonic loading the time
average of the complex-valued mechanical intensity is defined as
¢ =—1/2g};v;. This energy-based tool may then be used, for ex-
ample in the early design work, to visualize and control the energy
flow in concept models.

Although FEA has proven successfulin these areas, it has severe
limitations for noise and vibration prediction when the contribution
from higher eigenmodes becomes important because of the dis-
cretization of the inertia forces where polynomial shape functions
are used. For thin-walled steel structures, finite element (FE) calcu-
lated results will be poor at about frequencies corresponding to the
10th to 20th eigenmode. The important vibro-acoustic frequency
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range, however, often extends beyond the 100th mode of vibration.
To further extend the frequency range, in which FEA is accept-
ably accurate, some form of model reduction may be performed.*
By using this approach, the number of nodes and elements can be
increased, and higher modes may be represented more accurately.

There exist other approaches to extend the frequency range of
dynamic FE analyses. One recent example is component mode
synthesis,> which in Ref. 5 is used to study vibrations in car body
structures. However, in principle this approach has the same dis-
advantage as a FE analysis employing substructuring; it cannot be
extendedto the high-frequencyregion in the same manner as a com-
bined FEA and statistical energy analysis (SEA) could.

The SEA®7 technique has become increasingly interesting and
important as an alternative and a complement to FEA, especially to
the aerospace and ship industry, for high-frequency vibration and
noise prediction.

The successful application of SEA in its standard form relies on
high modal density, high modal overlap, and short wavelengths.
These are factors that make FEA inaccurateat high frequencies. Up
to now, SEA and FEA have mostly been used separately. But be-
cause FEA and SEA have their computational strengthsin different
frequency ranges, a method of combining these two methods and
taking advantage of each method’s strengths would be useful. An
advantage of a combinationof FEA and SEA would be the possibil-
ity to analyze a generic structure, which may consist of components
or regions having different rigidities. At one frequency, the modal
densities of some components could be too high for FEA to be prac-
tically applicable, whereas another componentis too rigid to permit
use of SEA successfully. Coupling between a SEA component and
an acoustic cavity is fairly easy, which makes a fluid structure inter-
action calculation easier. However, using the two methods together
is not entirely straightforward because of the differencesin the two
methods’ natures. Some fundamental differencesbetween SEA and
FEA are shown in Table 1.

SEA in Brief

SEA is applicable for predicting the average vibro-acoustic be-
havior of structures in the medium-to-high-frequency region. The
SEA approachis based on calculating the power flow between com-
ponents of a complex mechanical system by analyzing relatively
few and low-detail subsystems, which are coupled together. The
fundamental element, the subsystem, in the SEA model is a group
of similar energy storage blocks.In Fig. 1 a fundamental SEA model
built up by two subsystems is shown. These blocks or subsystems
usually are modes of the same type (e.g., flexural, torsional, longi-
tudinal) that exist in some section(s) of the components.

The power balance for this system gives

I, = omE, + onn(E/ny — E/ny) €8]

I, = o E; + omina(Ey/ ny — Ev/ny) 2)

Table1 FEA and SEA fundamentals comparison

Criterion FEA SEA
Unknown Displacement Subsystem energy
Frequency Discrete, low Band averge, high
Spatial detail High, discrete Low, average
Excitation Discrete Average/random/spectrum
Precedure Complicated, established Quick, demanding at first
Computational ~ High Low

effort
Model Large Small

Hdamp Hl_). 2 Hdamp
- ]E1 - E2 —
H2—>1
subsystem 1 subsystem 2

Fig. 1 Fundamental SEA model built up by two subsystems.

The input power may result from acoustic noise or mechanical
excitation. The energy in each block may be dissipated by damping,
which in each block is described by the damping loss factor (DLF),
or transmitted to the neighboring blocks. This energy transmission
is proportionalto the couplingloss factor (CLF). The modal density,
i.e., the average density of resonance frequenciesin the frequency
band [1n;(®) = Ns,/Aw], must be high in SEA, which rather can
be a problem in FEA. The time-average energy state is obtained by
solving the energy balance equations for the system Egs. (1) and (2).
One may note that time-average subsystem energy is the primary
unknown in SEA, not nodal displacements amplitudes and phase
angles, which is the case in FEA.

Proposed Method

The present work is aimed at combining the two methods of anal-
ysis: SEA and FEA. To allow for large FEA models in the analysis,
dynamic substructuring* is used to reduce the number of degrees of
freedom (DOF) in the FE model. In the proposed approach separate
SEA and FEA models of different components of the structure are
first created. Sectional boundary forces in the model connecting the
FEA and SEA components are then iteratively determined so that
an objective function, involving the difference between the energy
supplied to the structure and the energy dissipated in the structure,
is minimized (see also Ref. 8).

Two-Domain Approach

Consider a structure built up by two domains Vsga and Veem
(Fig.2). The domain Vgg, has high modal density and is represented
by SEA, and the domain Vegy, the more stiff domain, is modeled
by the finite element method (FEM) and reduced using dynamic
substructuring.

As indicated in Fig. 2, the two domains are connected along a
common boundary. In the FEA domain the connection between
the domains is described by connection forces and displacements.
Displacements are caused by both external and coupling loads. In
the SEA domain the couplingis described by the subsystemenergy
flow, whichin turnis describedby power suppliedby couplingforces
in the interface between the domains. The governing state equations
for the two domains are then solved separately at every frequency
step, with the common interface forces as iterative variables, until
the energy-based objective function is fulfilled.

SEA Domain Vgga

A SEA energy balance for domain Vsga built up by a number of
subsystems at the analysis center band frequency o may be formu-
lated in matrix form according to Eq. (3):

o[nl{E} = {11} 3
The power input to Vsga is given by

T = SRe{Fy X} )
where X, contains velocity amplitudes of the points of the interface
forces and F,; contains the corresponding interface force ampli-
tudes. The time average energy state for the system is then obtained
by solving the energy balance equation, Eq. (3), at every frequency
step, giving the power dissipated in Vg, as a function of F ;. This
force vector is then used in the iterations of the objective function.
The size of the matrix and vectors in Eq. (3) is fairly small, due to
the fundamental modeling approach in SEA.

F

mB

v . ( ;
SEA
- F N
V..
FEM

ml

Fig. 2 Domain Vgga analyzed by SEA and domain Vggy with sub-
domains mI (master interface), mB (master boundary), and s (slave)
represented by FEA.
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FEA and Dynamic Substructuring of Vrgm

The domain Vggy, as shown in Fig. 2, is modeled by FEA. This
domain is divided into two subdomains, one with interior slave (in-
dex s) DOF X, and one with master boundary DOF (index m) X,,.
The domain m is in turn divided in two subdomains;one subdomain
ml in which interface (or coupling) loads are applied and subdomain
mB in which external boundary loads are active. The equation of
motion for domain Vggy is expressed as

O 5
- (a)) {Xm } {F‘m } ( )

or if divided into subdomains as
F,
J (6)
le

s

D(w)<{ X5

m

X

< ml

The reason for dividing the domain Vggy into two areas is to
eliminate the (slave) DOF that are of no primary interest in the
analysis to reduce the number of active DOF in the optimization
procedure described next.

There are a great variety of dynamic substructuring reduction
methods available. Generally, for an undamped system under har-
monic load with angular frequency o, the system of equations for
the domain containing X,, can be partitioned into parts containing
the slave DOF and the master DOF. When assuming that no loads
are applied to the eliminated slave degrees of freedom, F'y, =0, the
partitioned system of equations may be written as

DSS DSm XS 0
b i)

Dss =Kss - szssa Dsm =K5m - szsm

with
Dmm =Kmm - szmma Dms =D;Tm (8)

An exact dynamic representationof an undamped substructureis
given by the reduced system of equations in Eq. (9):

(Km - szm)Xm =Dme =Fm (9)

The exactreducedstiffnessand mass matrixesin Eq. (9) are given
by a matrix transformation,according to Eqs. (10-12):

K, =T'KT (10)

M, =T'MT (11)
—-D~'D,.,

T = [ w ] (12)

where the transformation matrix 7' is used to recover the complete

solution as
= TX (13)
{X’n }_ m

However, the inverse of the matrix Dy, in Eq. (12), which has to
be computed at every analysis frequency, is computationally quite
expensive to calculate. Because the system is undamped, one has
exact by expansion*’

D (w) =K' + o’ K'M K"
@ - o) e (14)

where O = diag[€2, (2, ..., ] contains the n undamped fixed
interface natural frequencies and @ is the correspondingundamped
fixed interfacemodal matrix. This means that Q and @ are calculated
for the case when the master degrees of freedom are constrainedand
normalized so that

+ o' Ddiag,

O'M D=1 (15)
O'K D= (16)

The undamped fixed interface modes may be calculated by an
Arnoldi algorithm with spectral transformation !°

If notall n fixed interface modes are included in @, the expression
for D', Eq. (14) may be truncated at eigenpair p as

ss ?
A1 —_ -1 2 yr—1 -1
D (w) =K + o K MK

+ o' @diag, _,, [ - o) 1D (17)
where p < n. The truncation gives an approximate transformation
matrix 7. The solution is then obtained as in Eqgs. (18-20):

K, =T"KT (18)
M, =T"MT (19)
(Km - Q)ZMm)Xm =D~mX~m =Fm (20)

Accurate results may be achieved despite the approximation in-
troduced by the truncation in Eq. (17). Reference 11 has indicated
that the number of modes to include in Eq. (17) is dependenton the
analysis frequency. Fixed interface modes with corresponding nat-
ural frequencies approximately up to the analysis frequency should
be included to keep the truncation error small.

Coupling of the FEA and SEA Domains

To obtain a solution, the complex amplitudes of the master inter-
face forces ¥, are chosen as design variables at the coupling points
connecting the Vsga and Vigy domains. For the Vigy domain these
forces will act as external forces (together with the boundary forces
F 5 that supply the input power to the stiff component). At each fre-
quency o the complex harmonic response at the interface DOF X ;
is calculated using the reduced form of Egs. (6) and (20), assuming
F, =0. For the same frequency a SEA calculationis performed for
the weak component subject to an energy input at the connecting
points, determined by the current values of F,; and the impedance
correspondingto X, ;. In an iterative procedure the magnitudes and
phases (e.g., F,,; is complex) of the forces F,,; are varied until the
following objective function is minimized:

Hin - l_Idamp
Hin

min
F

=—ml

<e 21

where e 1.
The power expressionsin Eq. (21) are

IT, = LRe{F" X} (22)

mB<

which is the energy input to the structure Vgga by externalboundary
forces F, g and [g,y, is the sum of the energy dissipatedin the stiff
component:

VEEM _ 1 ;
Mgy = 3Re{X

C.X} (23)
and in the weak component:

M3 = 3 E,on (24)

damp

The displacements at the interface between Vegy and Vsga, Xp»
are calculated from the FE analysis of Vggy and used, together with
the design forces F;, to obtain the subsystem energies E; in Vsga.

The calculation of the starting vector of the unknown force ampli-
tudes le in the optimization process is based in the impedance for
infinite structures'? connected to the FE model. These approximate
subsystems are chosen as the same type of subsystems as those of

the actual connected Vsga domain.
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assemple FE divide FE >
equations equations

new analysis
frequency w

-

reduce FE
equations at ®

starting
vector ,}

assemble SEA /external

ml

find a new
force vector E_,

o

SEA H & .
w =z Re(Ep X} m,= %RG{EZBX_mB} = min <
—ml in
-1 0 1
> {E}=M] { _sea; ®"
in /7
4
SEA FEM 4 “H
M= TE0N,  + Tgg=3 Re(X G X} = My

Fig.3 Calculation scheme used for the minimization procedure.

{ save results>

save results)

The completereduced starting system of equationsmay be written
in terms of some unknown coupling displacements X, ; and forces

Eml as
X F,
Do), " =1
Xml FmI

Using the expressionfor the impedanceZ for the connectedapprox-
imate SEA subsystems (to approximate the connectionbetween the
FEA and the SEA domains), Eq. (25) may be rewritten as

X
D(w),, {_AmB }: Zio {AO }+ mB
Xml Xml 0

which can be solved for the unknown coupling displacements X ;.
This in turn gives the starting forces F,; as F,; = i oZX,,,.

The minimization is performed in MATLAB®'® using the fmins
function, thus employing an iterative Broyden-Fletcher-Goldfarb-
Shanno (BFGS) quasi-Newton minimization with a mixed quadratic
and cubic line search procedure. This is run until the objective func-
tion in Eq. (21) is satisfied. Because dynamic substructuringis em-
ployed, the size of the problem used in the iterations, to fulfill the
energy balance for the structure, is fairly small.

(25)

(26)

The calculation scheme used for the minimization procedure,
where the objective function in Eq. (21) is fulfilled, is described
in Fig. 3.

Numerical Example: Truck Structure

To investigatethe method proposed,a harmonic vibrationanalysis
of a structure built up by one stiff and one weak domain connected
at a number of discrete points is performed.

The structure analyzed is to resemble a conceptual model of a
truck structure as shown in Fig. 4. In the model the frame and en-
gine constitutes the stiff domain Vggy having 21 eigenmodes up to
100 Hz. The weak domain Vgg, is here the cabin, which has more
than 20 eigenmodes below 10 Hz. The truck is excited at the engine
by a vertical point force.

FE Model of Frame

The frame, as shown in Figs. 4 and 5, is modeled by 138 two-
node Timoshenko beam elements. This part of the structureis taken
as undamped. The wheel suspensionis modeled as 8 X 3 two-node
spring elements with translational stiffness in three directions and
hystereticdampingin the verticaldirectionwithloss factor n =0.05.
The frame-to-cabinconnectionis modeled by two-node connection
springs at four locations. These springs have translational and ro-
tational stiffness in three directions, respectively, and translational



WILSON AND JOSEFSON 127

Fig.4 FEA model of truck structure consisting of engine, frame, sus-
pension, and cabin.

Fig.5 Frame structure: a) complete FEA model of engine and frame
structure used in numerical example, b) unreduced (undamped) frame
structure, and ¢) reduced FEA model (dashed) with retained nodes (dots)
(damped springs added).

Roof

24 m Left

Front

Fig. 6 Reference cabin FE model A containing 600 four-node shell
elements.

Hoor

Fig.7 SEA network of cabin built up by six subsystems representing
flexural modes in thin plates.

Point Force 10 db Re | N

Flexural Plate Three Wave Plate

Fig.8 Example network used to validate assumption used when mod-
eling with SEA.

40

’’’’ M Three Wave Plate Flexure

dBre:l ...
j oule i ¥ Three Wave Plate Shear
‘ @ Three Wave Plate Extension
i
.20 . e .
-40 — : : i
10 100 1000 10000
Frequency [Hz]

Fig. 9 Power supplied to a three-wave-type plate through a perpen-
dicular flexural plate by a point force. Subsystem network shown in
Fig. 8.

hystereticdamping, with 7=0.08 in the vertical direction. Concen-
trated 100-kg masses are added at the four connection points. The
engine is modeled as two rigidly connected 500-kg concentrated
masses.

As just discussed, to perform many solution steps efficiently the
frame structure shown in Fig. 5a is reduced using the approximate
dynamic substructuring approach, Egs. (17-20). The undamped
frame (Fig. 5b) is reduced, retaining the node of load application (at
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the engine), the wheel suspension spring element connectionnodes,
and the cabin-to-frame connection nodes (where damping is intro-
duced). Totally 13 nodes of 146 are retained. The reduced FE model
is shownin Fig. 5c. Itis in the frame-to-cabinconnectionnodes that
the iteration forces F,; are introduced.

SEA Cabin Model

The cabin is here modeled by SEA subsystems because it has a
large number of resonant modes at low frequencies. The cabin is
built up from the geometry in Fig. 6 and represented by a number
of subsystems; six flexural plates according to Fig. 7. The cabin is
modeled in the commercial SEA software AutoSea,’ by which the
SEA parameters (coupling loss factors, modal densities, etc.) are
calculated. Material parameters used in the cabin and in the frame
should resemble steel with Young’s modulus =207 MPa, density
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Fig.10 Reference model B: FE model containing 3936 four-node shell
elements.

=7820 kg/m’, and Poisson’s ratio =0.29. The plate thickness is 2
mm. The cabin is taken as hysteretically damped with a constant
damping loss factor 7 =0.01. To fully model the plates used in the
model, all three wave types should be included, i.e., flexural, exten-
sional, and shear waves. However, when calculating the number of
modes in the frequency bands, as defined in Eqs. (27-29), the num-
ber of resonant excited modes is substantially lower for the shear
and extensional waves compared to the flexural waves. This means
that the SEA assumptions are not valid at low frequencies for these
two types of subsystems:

_ L.L, pt
e = e\ TER/ 120 = )] @7
_ L.L, [2)
o) = T e (28)

nshcar(w) = (LyL)/47T)[CO/(G/P)] (29)

To investigate the validity of only including the flexural modes,
one may calculate the power supplied to a three-wave-type plate
subsystem through a perpendicular flexural plate by a point force
(which is similar to the subsystem network in the numerical ex-
ample), as shown in Fig. 8. Calculating the vibrational energy for
the different wave types in the three-wave-typeplate (Fig. 9) shows
that the main part of vibrational energy is stored in flexural modes,
which indicates that the assumption to include only these modes in
the subsystem network is reasonable.

For the structure used in this analysis, one of the criteria for SEA
to be valid (i.e., the number of modes in band being > 1) is well
met for the flexural wave type. For the plates in the SEA model, the
number of modes in band are for the front/rear 784, left/right 700,
and floor/roof 580, for a frequency band A o =100 Hz.

The subsystems are coupled along the connecting lines, where
the average CLF for plate-to-plateis given by Eqs. (30) and (31):

My = (¢, L/ m0A,)(7(0) cos(6))e (30)

/2

7(0) cos 0dO 31

—n/2

(7(0) cos B)y = i]
s

Reference Cabin FE Model
Reference solution models, where both the frame and the cabin
are modeledusing FEA, are obtainedusing the commercial FE code

—_
o,
&
T

)

Displacement [m]
o.

10" F

-8 |

- FEM A
===- SEA-FEM 30

1 1 1

I 1 11
0 50 100 150 200

1 1
250 300 350 400 450 500

Frequency [Hz]

Fig.11 Calculated frequency variation of the real part of the vertical displacement at the load application point on the frame. Thirty fixed interface
modes are included in substructuring of frame used in combined FEA/SEA model. Compared with reference model A.
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SOLVIA." The model of the frame, engine, and suspension is the
same as already described,and the cabinis modeledin two reference
models. Reference model A has 600 iso-parametric four-node shell
elements of Mindlin type (see mesh in Fig. 6) and reference model
B has 3936 elements of the same kind (see Fig. 10). The element
size used is 0.20 m in reference model A and 0.08 m in reference
model B, which gives a maximum reliable frequency'® of 61 and
380 Hz with four elements/wavelength, respectively.

Calculated Results

Figure 11 shows the calculated frequency variation of the real
partof the amplitude of the vertical displacementat the pointof load
application. Results using the FEA/SEA approach, using dynamic

129

substructuring with 30 undamped fixed interface modes (with the
highest mode corresponding to 150 Hz) included in the reduction,
are compared with results from the full reference A FE model. One
finds that the FEA/SEA approach seems to miss two resonances:
FEA mode 5 at 25 Hz and mode 7 at 30 Hz. These modes involve
in-plane motion in the floor. Otherwise the agreement is good.
Figure 12 shows the calculated frequency variation of the real
part of the power supplied to the truck structure, that is, the ac-
tive power input using the present FEA/SEA approach compared to
using the reference FEA models A and B with the cabin modeled
using some 600 and 3936 shell finite elements, respectively. For the
FEA/SEA approach results are presented for three different levels
of dynamic substructuring,including 10, 30, and 60 fixed interface

10 T T T T T T T T
10°L — FEMA ]
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107 A - == SEA-FEM 10 .
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107k 4
106? - \
10’7— \ JN-.." {:::;___.-----"~~~.. ™~
\‘h~v~’\./’ 2 .’~.... 3
10'85 o ~_——--""—""---.-'=~5
10'9- 1 1 H i 1 1 1 1 1
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Fig.12 Calculated frequency variation of the real part of the supplied power to the truck structure. Different number of fixed interface modes used

in substructuring of FE part. Compared with reference models A and B.
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Fig. 13 Calculated frequency variation of the magnitude of the real part of the forces connecting the truck structure and the cabin. Thirty fixed
interface modes are included in substructuring of frame. Compared with reference models A and B.
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Fig. 14 Calculated real part of the mechanical intensity vector field
in the cabin part of reference model A at one low-resonance frequency
(100 Hz): front view, looking up at the connection points (marked).

modes corresponding to eigenfrequenciesat 51, 150, and 300 Hz,
respectively, in the reduction of the frame structure.

One finds good agreement between the FEA/SEA approach and
the reference A model up to frequencies of approximately 60 Hz,
where the cabin part of the reference FE model becomes inaccurate.
When comparing to reference model B, which is valid up until ap-
proximately 380 Hz, one finds that including more interface modes
in the reduction does seem to extend the validity of the calculated
frequency response.

Figure 13 shows the calculated frequency variation of the mag-
nitudes of the four cabin-to-frame connection forces. The results
from the FEA/SEA approach (using dynamic substructuring with
30 interface modes includedin the reduction), where the connection
forces are used as design variables, are compared with the results
for reference models A and B. Reference models A and B should
give good agreement, at least up to approximately 60 and 380 Hz,
respectively.

Note, however, that there exist no exact reference solutions to
the present problem for the frequency range plotted. Such a solu-
tion would require a much denser FE mesh of the cabin part, or
experimental verification.

Figure 14 shows the calculatedreal part of the mechanical inten-
sity vector field in the cabin plates at one low resonance frequency.
These results are obtained from the reference FE model A of the
truck using the commercial FE code SOLVIA.' Transmission of
energy from the frame-to-cabin connections to the cabin is clearly
displayed.

Conclusions

By combining a FEA and a SEA, it seems possible to use the ad-
vantages of both approaches and obtain a harmonic response over a

large frequency interval. The present approachis particularly useful
when the structure analyzed consists of domains having consider-
ably differentrigidities. The state descriptionof the structureis more
detailedin FEA thanin SEA. Because SEA is based on energy trans-
fer, phase angles for displacementsand forces are notincludedin the
SEA model. Because this information needs to be included in a FE
analysis, the presentapproachto couplea FEA and a SEA modelin-
volves minimization of the difference between the total power input
to the structure and the total power dissipated within the structure.
The procedure s iterative at each frequency. It is therefore desirable
to employ dynamic substructuring in the FE model in order to re-
duce the size of the model involvedin the minimization procedure.
The results show that dynamic substructuringmay be used to reduce
the size of the FEA domain system of equations when care is taken
as to which modes are included in the reduced model. As the mesh
of the FE-modeled domain is made more dense, the results at high
frequencies from the combined model get more similar to those of
a pure FE reference model. However, it is believed that the present
approach in some aspects need to be further developed; the opti-
mal level of substructuring in the FE model and the use of robust
starting vectors for the design variablesin the iterative minimization
procedure need to be further investigated
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